STABILITY AND IDENTITY OF ANALYTIC FUNCTIONS 

IN HARDY SPACES 
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1. Introduction 

Let £^ be a subset of the unit disc U of the complex plane C Throughout 
this paper, we assume that E consists of infinitively many points. We wish 
to reconstruct a function / in the Hardy space HP(JJ), 1 < p < oo, when 
its value at any point in E is given. Recall that H^iJJ) is the space of all 
holomorphic functions g on U for which ||5^||p < oo, where 

\\g\\p=lmi!^^ £^ \gire'')\Pde^ '"^ (1 < p < oo), 
ll^lloo = limsup|g(re*^)|. 

For convenience, from now on, we will denote H^iU) by H^. 

As it is well known, this is an ill-posed problem. Clearly, the interpolation 
/ is unique only if 

(B): E contains a non-Blaschke sequence (zj), that is, a sequence sat- 
isfying the condition 

oo 

Put 

(1.1) Cp{e, R) = sup{ sup \g{z)\ : g , \\g\\p < 1, \g{C)\ < e VC G E}, 

\z\<R 

for positive e and R in (0, 1). It can be seen that Cp{e, R) is bounded from 
above by (1 — i?^)"^/^. We consider the stability of the problem in the sense 
that Cp{e,R) converges to as e decreases to 0. We also wish to establish 
the rate of convergence. In general, given only that E satisfies (B), it is 
impossible to say anything about the rate of convergence. However, the 
convergence itself can be attained. 
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Theorem 1. If E satisfies (B), then 
limCp(e,i?) = 0. 

Remark 1. When E does not satisfy (B), the conclusion of Theorem[I\ is 
obviously false. As an example, consider the case E is the sequence {z^} 
where J2i^ ~ \^k\) < oo. Let g he the Blaschke product whose zeros are the 

points in E, g(z) = TT ^ j^/jgj^ g H°° , \\g\\oo = 1, g(C) = 

^^1- ZkZ Zk 

for all C in E, yet g is not identically zero in U . 

To estimate the rate of convergence, we need some other materials, espe- 
cially, the properties of the set E. For example, if p = oo and E is a curve of 
a simply connected domain D, one might use the harmonic measure uj of E 
with respect to D to get \f{z)\ < e'^(^) inside D. Lately, in [3], Lavrent'ev, 
Romanov and Shishat-skii used a certain characteristic of the projection of 
E onto the real axis. They showed that if E C D = {z : \z\ < 1/4} then 
Cp{e, R) < max{e4/25^ (6/7)"(^)} for ah R G (0, 1/4), in which n{e) ^ oo as e 
— > 0. This approach is quite interesting that E could be a sequence but must 
lye strictly inside U. Further, to our knowledge, all such estimates just give 
us the upper bounds. In this paper, we introduce some new quantities and 
then establish a quasi-polynomial two-side bound for Cp{e,R). We stress 
that the lower bound is also included in the estimate. Another advantage 
of this method is that the requirement that E lies inside C/can be relaxed. 
In case E C U, we get the following result 

Theorem 2. If E C U then there exists cq > such that for < e < eo 
there is correspondingly a finite Blaschke product B^{z) whose zeros are in 
E satisfying 

max \B^{z)\ < Cp{€,R) < C max 

|2|<R |2|<-f? 

where C is a positive constant that depends only on R and p. Moreover we 
have 

sup |-Be(-z)| < e- 

Z6-B 

Closely related to the problem of stability of reconstructing analytic func- 
tions is the topic of identity of analytic functions. That is, under what 
conditions a bounded analytic function equals to zero identitically. It is a 
classical result that if / is a function of class Nevalina and takes value zero 
on a non-Blaschke sequence, then / is the zero function. It is an interset- 
ing question to ask is there a lower bound for the fastness of tending to 
zero of analytic functions 1/(^)1 when \z\ — > 1 along E assuming that E 
is a set having E n dU / 0? Again, this question is trivial if E contains 
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no non-Blaschke sequence. For the case is a non-Blaschke sequence (not 
neccesary have hmit points in dU) containing no hmit point of itself, this 
question was thoroughly explored in [T] and [2] (see also [4]). 

In particular, Danikas[T] and Hayman[2] proved that if (zj) is a non- 
Blaschke sequence having no limit point of itself, there is a sequence of 
positive real numbers {rjj) such that if / is a bounded function and |/(-Zj)| < 
r]j for all j £ N then / = 0. It is natural to request that for sequences (rjj) 
having above described property, if Zk is a limit point of (zj) then r]k = 0. 
So it is interesting that the results of Danikas and Hayman hold also for 
the general case of E being just a non-Blaschke sequence with no more 
constraint. Indeed, we shall prove the following 

Theorem 3. Assume that E is a non-Blaschke sequence {zj). Then there 
exists a sequence of positive numbers (rjj) with the property that 

lim r]j = 0, 

such that if f is a non-zero bounded analytic funtion on U then 

limsup — = oo. 



Compared with results in pOj and [2], the sequence {rjj) in our paper is 
more explicitly constructed. 

This paper consists of 5 parts. Some preliminary results and the proofs 
of Theorems [U and [3] are presented in Section 2. In Section 3, we introduce 
some set functions and their properties. In Section 4 we prove main result 
Theorem [8] applicable to sets E satisfying fairly general conditions and apply 
it to prove Theorem [2j In Section 5 we gives some examples of sets E that 
illustrate some special cases of Theorem [8l 



2. Preliminaries 



Let us first introduce some notations and results that we are going to 
apply. In this section, we also give proofs of Theorems [1] and [3l 

Let Zn = {zi, Z2, ■ ■ ■ , Zn) be a sequence of n distinct points in U. By 
B{Zn, z) and Bf^{Zn, z) we mean the products 



(2.1) B{Zn,z) = \{^—^, 
i=i ^ ^^'^ 



Bk{Zn,z) 



l-zjz' 



The following theorem will be used. 



Theorem 4. If Zn = {zi, Z2, ■ ■ ■ , Zn) is a sequence of n distinct points in U 
then, for all f in and z in U , the following inequality holds: 

n 



(2.2) 



f{z) -^Ck{Zn,z)f{Zk) 



k=l 



< 



(1 - |z|2)j 



^\B{Zn,z)\, 



4 
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where 

(2.3) Cp,fc(Z„,z) 



z-Zk VI - k 



2-p 



I - \zk\ ( I - ZZk\ -P B{Zn,z) 



Bk{Zn, Zk) 



The reader is referred to [5] or [6] for proof of this Theorem. 
We need some estimations of B{Zn, z) and Bk{Zn, z). 

Proposition 1. 



1 II 

\B{Zn,z)\<exp I ^ 

1 IzP 

\BkiZn,z)\ <2exp I ZA^Y,{l-\zj\ 



for z in U and Zn in U . 



Proof. We need to estimate 



z-C 



z-C 



1-Cz 



1-Cz 

2 



for z and C in i7. We compute 



(i-|z|^)(i-|C|^) >_(i-N^)(i-|CP) 



> 



\l-Cz\^ 

(i-kP)(i-ICI) 



(i + ICI)^ 



It follows that 
1 



z-C 


^ (i-N')(i- 


CI) 


l-Cz 


2(1 + 




) 



> 



(1-ICI), 



and thus, 



z-C 



l-Cz 



< exp 



z-C 



l-Cz 



1 < exp 



■(1-ICI) . 



From this and the fact that exp 



1 - z 



1 - \z\ 



{l-\zk\) < 2, we get the 



□ 



assertions. 

Now we prove Theorems [1] and [3l 

Proof, of Theorem [T] Since E satisfies (B), there is a sequence {zk} of distinct 

00 

points in E such that ^^(1 — \zk\) = 00. 

k=l 
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Suppose that / is a function in such that ||/||i < 1 and max/(C) < 
e. An apphcation of Theorem H] to Zn = {zi, Z2, ■ ■ ■ , Zn) yields 



1/(^)1 < 



^ f {Zk)Ck{Zn, Z) 



k=l 



+ — ^^^^^^\B{Zn,z)\, yzeu. 

(1 - |Z|2)P 

It is clear that Ck{Zn, •) is continuous in U. As a consequence, we can find 
a constant M„ depending on the sequence {z^} so that \ck{Zn, z)\ < Mn for 
all z £ U , k = 1,2, . . . ,n. 

Therefore 

\f{z)\<enMn + ^ -\B{Zn,z)\, ^z € U, 

(1- 

and 

Cp{e, R) < enMn -\ max \B{Zn,z)\. 

(1 - B?)p ^eB(o,_R) 

Letting e — > gives 
(2.4) limsupC„(e,i?) < ^ max 

Hence to prove our assertion, it suffices to show that max B(Z„,z) 
tends to as n ^ cx). Applying Proposition [H one get 

\B{Zn,z)\ < exp 

Thus, since {zfc} satisfies (B), lim max I B z) I = 0. Hence, by passing 

n^oo 2G_B(0,fl) 




()2.4p to limit, we obtain the desired result, liniCp(e,i2) = 0. □ 

Proof, of Theorem [3] From properties of E, we can choose a sequence of 
integers ni < n2 < ... < ra^ < ... such that 

rik+i-l 

E (i-i^ii)>^- 

j=ri.k 

It follows that mfc = n^+i-nk > k. We denote Zfc^^fe = {^n^ , ^nj^+i; 2:„fe+i- 
We define the sequence r]j as follows 

_ \BjiZi,^rn{k),Zj)\ 

~ m{k) 

if n-k < j < Uk+i- It is easy to see that r]j — > as j — > oo. 

Now assume that / is a bounded analytic function satisfying 

limsup < oo, 

j^oo Vj 
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we will show that / = 0. Indeed, fixed z £ U with \z\ < 1/2. Applying 
Theorem |4] for Zk^m^. and using Proposition [T] we have 

1/(^)1 < c(i+ ^^). mzk,n,,z)\ 

]=nk ■' 

< C7exp{(-A; + l)/4}, 
for all k. So f{z) = for all \z\ < 1/2. Hence / = 0. □ 

3. Some set functions 

For results of this section forward, we need the following definitions and 
results in [5]. 

Definition 5. For each set E ofU, we denote by Eq the set of nontangential 
limit points of E, that is, points ^ of dU being such that there exists a 
sequence in E which tends nontangentially to (, that is, such that 

Zn C, \Zn - CI = 0(1 - \Zn\). 

Hayman proved the following theorem (see Theorem 1 in [2]) 
Theorem A // the set Eq of nontangential limit points of a set E has 
positive linear measure and if f is a bounded analytic function satisfying 

lim f(z) = 0, 

,^E, \z\^l ^ ' 

then / = 0. Conversely, if Eq has measure zero, then there exists f{z), such 
that < 1/(2)1 < 1 in [/, and satisfying 

lim fiz) = 0. 

z&E, \z\^l 

Hayman's Theorem suggests us to define the following geometric condition 
oiE 

(G): The set of nontangentially limit points Eq of E has measure zero. 

Prom now on we assume that E satisfies condition (G). 

First, we define a new concept, the generalized Blaschke product, or the 
Blaschke product with respect to a function q. Let q{z) be a function that 
satisfies properties of the function / in Theorem A. If n dU = 0, we take 
q = 1. We also normalize q so that H^Hoo.c/ = 1- Here we use the convention 
that a product which has no factor is 1. For z £ U and Zn S U"' , we set 

(3.1) Bq{Zn, z) = B{Zn, z)q{z), Bqj{Zn, z) = Bj{Zn, z)q{z). 

The following result is easy to prove. 

Proposition 2. For all R G (0, 1) and Zn € we have 

ma,x\Bg{Zn,z)\ > \q{0)\ TT max{ii, |}. 

l<j<n 
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1 - Z2Z1 



. Let 



Denote by d{., .) the Gleason distance on U, d{zi,Z2) 
us introduce some definitions. 
Definition 6. For Zn = {zi, Z2, ■ ■ ■ , Zn) € Tl^ , put 

(3.2) ViZn)= n \B,iZ,^uZj)l 

l<i<n 

(3.3) fl{zi,Z2,...,Zn) = ^ \Bj{Zn,Zj)\"^, 

(3.4) M{zi,Z2, ...,Zn)= sup \Bg{Zn, z)\. 

Definition 7. Let E be a subset of U which contains infinitively many 
points. Put 

(3.5) Vn{E)= sup V{Zn), 

(3.6) fin{E) = inf ^K^n), 

ZnGE"-, V{Z„)=V„{E) 

(3.7) MniE) = inf M(Zn). 
^ ' ^ ' z^eE^, V{Z„)=VUE) ^ 

If there is no confusing, we drop argument E and write Vn, M„, //^instead. 

Remark 2. // Vn = V{zi,Z2, ■ ■ ■ , Zn) then zj e EDU for all j = 1, 2, . . . , 

n, and \Bqj{Zn,Zj)\ = sup\Bqj{Zn, z)\. 

zGE 

Proposition 3. Let zi, Z2, ■ ■ ■ , Zn and (i, (2, ■ ■ ■ , Cn+i be points in E such 
that V{zi,Z2, ...,Zn) = Vn and V{Ci, C2, • • • , Cn+i) = K+i, then 



Ai(Cl, C2, • • • , Cn+l)M{zi,Z2, ...,Zn)<in+l) 



\co,E- 



Proof. If zq is the point in E such that \Bq{Zn, zo)\ = JJ d{zo, Zj)\q{z)\ = 

M{zi,Z2, ■ ■ ■ ,Zn), then M(zi, 2:2, • • • ,Zn)V{zi,Z2, ...,Zn) = V{zo,Zi,Z2, ...,Zn) 
< Vn+l. 

Therefore, for A; = 1, 2, . . . , n + 1, we have 

M{zi,Z2, ...,Zn)< —, T < 



V{zi,Z2, ...,Zn) V{Ci, Cfc-1, Cfe+1, • • • , Cn) 

= n d{Ck,Cj)q{Ck) < \\q\\oo,E n d{CkXj)- 

It follows that 

A^lU, 42, • • • , U+lj S T77 T- 

M(zi,Z2, ...,Zn) 

This proves the proposition. □ 
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Proposition 4. lim Y^l^ = lim M„ = 0. 

n— +00 Ti^oo 

Proof. We need to consider only the case in whicli E intersect dU . 

If m 7^ 0. Fix a 5 > 0. By properties of q{z), it follows that there exist 
an < 1 such that \z\ < whenever z G E and q{z) > 6. For each n, we 
rearrange zi, Z2, ■ ■ ■ , Zn so that the first /c„ elements have norm at least 
and the rest are not. We have 

Vn= JJ d{zj,zi) \q{zj)\ 

kn + l<j<l<n l<i<fcn 

where r] = It follows that K^^" < \\q\\^ ^r]('^-ku)in-ku-i)/2n§kn/n^ 



,5 



n 



From this, we see that, if kn/n > 1/3, then Vn < |k||oo,c/^"'^^'^i and if 

< 1/3, then K^^" < \\q\\oo,uv'^^^ ■ Hence 

limsupT^^/" < limsupmax{||g||oo,c75^/^, \\q\\oo,uv"'^^} = \\q\\oo,uS^^^ ■ 

n— >oo n— >oo 

Since (5 can be chosen arbitrarily, we deduce hm F^/" = 0. 

n— >oo 

To prove the second part of (iii) , we choose zi, Z2, Zn so that M„ = 
M{zi,Z2,. ■ ■ ,Zn). Noting that \Bg{Zn,z)\ < \Bgj{Zn,z)\ and \Bgj{Zn,Zj)\ 

< \Bqj{Zj-i, Zj)\ for all j = 1, 2, . . . , n, we compute 

Mn = M{zi,Z2, ...,Zn)= SUp \Bq{Zn, z)\ < [ TT SUp \Bqj{Zn, z) 

\l<j<„^G£ 

(\ 1/n / \ 1/n 

n \Bq,{Z.,,z,)\\ < n \B,{Zj-i,z,)\\ =v^/- 
l<j<n J \l<j<n J 

This leads to the convergence of M„ to 0. □ 

Now we assume following condition imposed on E: There exists a continu- 
ous function h : [1, oo) — > (0, oo) such that h is non-increasing, lima;_>oo h{x) = 
and Mn < /i(n)for all n G iV. We can define such an h as follows: First, 
define h{n) = sup;j>„Mfc. Then h{n + 1) < h{n), and by LemmalU we see 
that lim.„_»oo h{n) = 0. Then we extend it appropriately. 
h{l) h{x) 

We take en = . Since is continuous and strictly decreasing, and 

2 x+1 ^ ^ 

lim2,.^oo h[x) = 0, we can define a function 93 : (0, eq) (0, 00) as follows: 

^{e)=h{x) iffe = ^. 

We note that ip is non-decreasing and limg^o 9'(e) = 0. 
The following result is used for proving results in Section 4 
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Lemma 1. If R is a real number in (0, 1), then there exists a positive number 
a depending on R such that for all r in [0, 1], the inequality underneath holds, 

(3.8) max{i?°,r"} > 



Proof. First, we consider the case r < R. We have max{ i?°,r"} = R" and 

— < — r. Thus, if this is the case, we must choose a in such a way 

, ^ ln(2R) - ln(l + R^) 

that < a < — ^ ^ ' 



InR 

Finahy, we consider the case r > R. The inequahty p.Sp is now equivalent 
to --r > R- We will show that the function f(r) = —r (R < r < 

]^ ^a+l — J \ / \ — — 

1) attains its absolute minimum at R. We have f'(r) = —r-^ 

^ •' ^ ' (1 — r"+-'-)2 

Put g{r) = - ar°+i + or^^^ - I {R < r < 1), then g'{r) = 2ar2°-i - 

a(l + a)r° — a(l — a)r"~^. By Holder inequality, one has (1 + a)r^~'^ + 

a(l - a)r-(i+") > 2r(^-°)(i+°)r-(^+")(i-°) = 2 if < r < 1. This shows 

that g{r) < and thus g{r) > g{l) =0. As a consequence, /(r) > f{R) = 

jr_-R_ 
1 - ■ 

Therefore, the proof of the lemma is complete once we can show that for 
sufficiently small a the inequality f{R) > R holds. Indeed, this is equivalent 
to + > 2. Since < < 1, it follows that R^^ + R^ > 2. Hence, 
choosing a small enough will lead to the desired result. □ 

4. Main result 

Theorem 8. Let E be a subset of U satifying condition (G). Let ip be 
the function defined in last part of Section 3. Then, there exists a positive 
number eq and a non- decreasing function gn '■ (0,1] satisfying 

(i) lim gfj{e) = if E satisfies (B). 

£— >o 

(ii) (5(i?,(e))t''l+^ < < (5rR(e))TT7^ for positive k. 
such that 

(4.1) gnie) < Cp{e, R) < CgR{ip{e)) Ve G (0, Sq). 

In particular, if there are constants C and N and o" > such that Mn{E) 
< Cn-" forn> N then 

(4.2) gnie) < Cp{e,R) < CgR{e)w^^ Ve G (0,eo), 
where a depends on R and a. 

Proof, of Theorem [8] (Part 1: Existence of g) In this part, we prove the 
existence of gR and show that it satisfies the inequality gnie) < Cp{e,R) 
and the two properties (i), (ii). 
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For i? in (0, 1), we construct the function gji : (0, 1] — > as follows 

(4.3) 



gnie) = sup < 



\\l\\oo,U \\l\\oo,U 



where M is defined as in Section [3l 

M^(Z ) ( 

It can be derived from Proposition[T]that ^ < exp — s(l — l-ZoP) ^^(1 ~ kfcl 

_ \m^,u V k=i 

for some zq in E. Thus is well-defined. 

1. 9Rie) <Cp{e,R). 

Let zi, Z2, Zn be in ii^ such that M*(Z„) < ^llfzH^f/, then the 

function h(z) = — Bg{Zn.,z) satisfies \h{z)\ < e for z €z E and 

< 1 for z G [/. Hence sup |/i(2;)| < Cp{e, R). On the other hand, in view of 

|2|<_R 

Proposition [2l we have sup 1^(^)1 > n-n II max{i?Mzjf}. This 

\z\<R WqWIcu i<j-<„ 

implies that gR{e) < Cp{e,R). 

2. lim guie) = if -E satisfies (B). 

This assertion follows from 1. and Theorem [TJ 

3. < gde'') < (5/?(e))'^ for positive k. 

It is clear that, for arbitrary e in (0,1), M*(Z„) < H^H^ [/E'^ implies 

immediately that M^([i/'']+i)(Z„) < \\q\\'J^^u''^~^^^ e . Therefore, gRie"") < 
{gR{e))TukTi , 

Similarly, we get gR{e) < (gij(e'')) W+i. Hence gRie"") > (gij(e))M+^ 
This ends part 1. □ 

Remark 3. For two different chooses q{z) = qi{z) and q{z) = q2{z), it is 
not expected that gi{e) = 92(e)- But 51(e) and g2{e)are still related to each 
other, since according to Theorem [3 we have 

gi{e)<Cp{e)<Cg2{M^)). 

Here we droped indices R in functions gi , g2 and Cp . 
In particular, if there are constants C and N and a > such that Mn{E) 
< Cn~" for n > N then we can hound gi by a positive power 0/(72- 

Theorem [4] provides a way to investigate Cp{e,R), that is to estimate 
Dp{e, R) which will be defined underneath. 
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Definition 9. For Zn = {zi, Z2, • • • , Zn) G E"^ , put 

(4.4) Dp{e,R,Zn)= sup f e V |cfc(Z„, z)| + i -\B{Zn,z)\ \ . 

The infimum ofDp(e, R, Zn) while Zn varies in is defined to be Dp.n{£, R), 

(4.5) Dp,n{e,R) = inf D{e,R,Zn). 
Finally, set 

(4.6) Dp{e,R) = inf Z)p,„(£,i?). 

neiV 



Recall that 



Cp,k{^ni z) 

We have 



1 - \Zkr (I - ZZk\ P B{Zn, Z) 



Z-Zk \l-\z\'^) Bk{Zn,Zk)' 
Dp{e,R,Zn) < CE{zi,Z2, ■ ■ ■ , Zn){efl{zi, Z2, ... ,Zn) + 1), 



where E{zi,Z2, . . . ,z„) = TT ^pvT^' 

, , t + \Zk\K 

k=l 

Proof, of Theorem [8] (Part 2: finished) It follows from Lemma [T] that 

(4.7) Dp,n{e,R)<C H max{i?",|0r}(eMCi,C2,...,Cn) + l), 

i<i<" 

where Ci, C2, • • • , Cn are defined by ^(Ci, C2, . . . , Cn) = Vn{E) and Mn(Ci, C2, • • • 
Mn{E). Note that these Cj is contained in U . For simplicity, we denote by 
/i* the quantity /i(Ci, C2, • • • , Cn)- 

It follows from Proposition H] that lim Mn{E) = 0. Thus, we can choose 

n— >oo 

the smallest no such that Af„y(i?) < (^(e) < M„g_i(£') for all e less than 
some fixed constant eq. Then, by Proposition [3] 

Mn,{E) < ^{e) < Mn,^i{E) < 

On the other hand, we have ip{e) < Mn^-i^E) < h{nQ — 1) for no > N. 
This gives no < x + 1, where 

_ h{x) 
^ ~ x + 1' 

Hence, 

h{x) 



12 
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Now, noting that ||(?||oo,(7 > it is deduced that M{(iX2, ■ ■ ■ , Cm) = 
Mn,(E) < ifie) < ip{e)\\q\\oo,u- This yields 

Y[ max{i?, ICjl} < \\q\\oo,ugR{^{£))- 
1<J<" 

Thus, the assertion of the theorem follows. 

To prove for the case M„ < Cn~^ we see that h{x) = Cx~" . So we have 

(^(e) = h{x) = Cx"" < 02^"!^^^"^, 

since e = Cx~'^{\ + Now apply property (ii) of g we get the result. 

□ 

Now we are ready to prove Theorem [2l 

Proof, of Theorem [2] Since E G U we can take q = 1. We can assume that 

2r 

E is closed. From the assumption, we get that Mn{E) < ( So the 

1 + r 

function if{e) in Theorem [8] satisfies 
(4.8) hm 



log ip{e) 
If we put 

gp{e,R) = supjmax \B{Zn,z)\ : n £ JV, Z.„ G £'", max\B{Zn, z)\ < e}, 

|z|<R z£E 

then it follows from the proof of Theorem [8] that there exist C, cq > such 
that for all < e < eo we have 



(4.9) gpie, R) < Cpie, R) < Cgpie, R) 



l/(l+[log(vp(e))/loge]) 



Indeed, to prove the left-hand side of this inequality we can use the definition 
of Cp(e, R), while for the right-hand side we use Theorem[8]and the property 
that 

9p{e,R) < gp{e,R). 
From (|4.8p we can write ()4.9p such as 

9p{^,R) < Cp{e,R) < Cgp{e,Rf'\ 
Since E is compact, there exist n £ N and Zn G E"' such that 
gp{e,R) = max \B{Zn,z)\. 

\z\<R 

So we get the conclusion of Theorem [2j □ 
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5. Some examples 

In this Section we gives some examples of sets satisfying the special case 
M„ < Cn~'°' of Theorem [H The criteria given in this Section are fairly easy 
to verify. 

Proposition 5. Assume that E is contained in some Stolz angles. Then 
there exist a, C and > such that Mn{E) < Cn~^ for n > N . 

Proof. Let EndU = {oi, 02, a„}. We take in this case ^(z) = (z — ai)(z — 

02). ..{z - On). 

We seperate the proof into three steps. 

1. Suppose that E lies inside U. In this case M„ < n^'^ for sufficiently large 
n. 

2. Suppose that E f] dU has only one point. By mean of some rotation, we 
may assume that it this point is 1. 

We have q{z) = z — 1. We see that if \q{z)\ > 5 > for some z in E, 
then \z\ < rs = 1 — c5 where c is a constant depending on the Stolz angle 
with vertex at 1. Refering to the proof of Proposition [H we get 

(5.1) V;^/" < Cmaxl^i/^^^/S}. 

Choosing 5 = n~^'^ {a G (0, 1/6)), we have 

_ 2rs _ 2(1 - cri-3'^) _ 2n^'' - 2cn^'' 
^~l+r^~l + (l- cn-3^)2 ~ 2n6'^ - 2cn3'^ + ' 

Hence, 

/, ^ / 2n^--2cn3- N"/^ ^ / _ 
' V2^*^'' - 2cn3<^ + V 2n6'^ - 2cn3'^ + c2 

/ 2 18 / 2 l-6<7\ 

for sufficiently large n. Combining with (jS.ip . the assertion follows. 

3. Now, consider the general case. It suffices to show that if Ei and E2 are 
two sets satisfy K^^"(-Ei) < Cn"'^' forn > (i = 1, 2) and E = Ei U 

E2, then Vn'^^iE) < Cn^", for n > 2iV and cr = min{cri, cr2}/2. We take 
q{z) = qi{z)q2{z)where qi, q2 are coressponding q's functions of Ei, E2. 
Fix an n > 2N and suppose that Vn{E) = V{zi, Z2, zi, (1X2, ■■■ 1 Cfe) 
for Zj E El, Cj E E2, and n = I + k. It follows from definitions that 

V^I'^iE) < V^'''{Ei)vl'''{E2). 

We may assume that Z > fe. It implies that I > n/2 > N. li k < N, we 
have 

v;^/"(E) < cv;^/"(^i) < cr'^i'/" < C{n/2y'/^ < Cn-'^. 
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If A; > A^, we have 

Here we have used the inequaUty x^(\ — x)^~^ > 1/2 for all x G (0, 1). 
The proof is complete. □ 

To find a more sophisticated example, we use the construction used in [2]. 
For convenience, we recall some definitions that Hayman used in construct- 
ing the function / in Theorem A. 

Definition 10. Let E satisfy (G). We write 

E' = {z = re'^ : \e - (pl < I - r and re''*' £ E}. 
Next, for < ^ < 27r, we define 

p{e) = sup{p : < p < 1, pe'^ G E'}. 

Let Eoo be the set of 9 such that p{6) = 1. If 6 £ E^o then e*^ G Eq. So 
T^{Eoo) = 0, where m{.) is the Lebesgue's measure of the unit circle. 

For each 1 > r > let Er be the set of all 9 such that < 6 < 2tt and 
p{9) > r. Then Er are open and contract with increasing r, and 

Pi £'r = Eao ■ 

r 

Thus 

lim m{Er) = 0. 

Considering carefully the construction in the proof of Theorem 1 in [2] 
and Step 2 of the proof of Proposition [5] we can show that if the quantities 
m{Er) tend to sufficiently fast, then M„ < Cn^^ . In particular, this claim 
is true if the following condition is satisfied 

1 



m{Es) < — if (5 = 1 - i^y^7log7, 

— 21oge 

where if is a positive constant. In fact, if this condition holds, the function 
/ is constructed in Theorem 1 in [2] will satisfy: if |/(^;)| > e then \z\ < 
1 -i^V-eloge. 
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